We study the effect of a strong magnetic field on the properties of neutron stars with a quarkhadron phase transition. It is shown that the magnetic field prevents the appearance of a quark phase, enhances the leptonic fraction, decreases the baryonic density extension of the mixed phase and stiffens the total equation of state, including both the stellar matter and the magnetic field contributions. Two parametrisations of a density dependent static magnetic field, increasing, respectively, fast and slowly with the density and reaching 2 − 4 × 10 18 G in the center of the star, are considered. The compact stars with strong magnetic fields have maximum mass configurations with larger masses and radius and smaller quark fractions. The parametrisation of the magnetic field with density has a strong influence on the star properties.
the baryonic octet. The largest magnetic field measured at the surface of a star is ∼ 10 15 G but nothing is known about the magnitude of magnetic fields in the interior of a star. We will consider a magnetic field whose magnitude increases from a value of ∼ 10 15 at the surface to a maximum value of ∼ 4 × 10 18 G at the center. In particular, we want to analyse how the parametrisation of the field affects the star properties, such as the radius and mass.
This work is organized as follows: we make a brief review of the formalism used for the hadronic, mixed and quark phases. Next we discuss the parametrisation used for the magnetic field and present and discuss the results obtained for the equation of state of stellar matter and the mass/radius properties of the corresponding compact star families, for several values of the maximum magnetic field. At the end we will draw some conclusions.
II. HADRON MATTER EQUATIONS OF STATE
For the description of the EOS of neutron star matter, we employ a field-theoretical approach in which the baryons interact via the exchange of σ − ω − ρ mesons in the presence of a static magnetic field B along the z-axis. The Lagrangian density of the NLW model (GM1) can be written as
The baryons, leptons (l=e, µ), and mesons (σ, ω and ρ) Lagrangians are given by
where Ψ b and ψ l are the baryon and lepton Dirac fields, respectively. The index b runs over the eight lightest baryons n, p, Λ, Σ − , Σ 0 , Σ + , Ξ − and Ξ 0 . (Neglecting the baryonic decuplet including the Ω − and the ∆ quartet, which appear only at very high densities, does not affect our conclusions). The baryon mass and isospin projection are denoted by m b and τ 3 b , respectively. The mesonic and electromagnetic field tensors are given by their usual expressions: Ω µν = ∂ µ ω ν − ∂ ν ω µ , P µν = ∂ µ ρ ν − ∂ ν ρ µ , and F µν = ∂ µ A ν − ∂ ν A µ . The baryon anomalous magnetic moments (AMM) are introduced via the coupling of the baryons to the electromagnetic field tensor with σ µν = i 2 [γ µ , γ ν ] and strength κ b . The electromagnetic field is assumed to be externally generated (and thus has no associated field equation), and only frozen-field configurations will be considered. The interaction couplings are denoted by g, the electromagnetic couplings by q and the baryons, mesons and leptons masses by m. The scalar self-interaction is taken to be of the form
The parameters of the model are the nucleon mass M = 939 MeV, the masses of mesons m σ , m ω , m ρ and the coupling parameters.
The meson-hyperon couplings are assumed to be fixed fractions of the meson-nucleon couplings, g iH = x iH g iN , where for each meson i, the values of x iH are assumed equal for all hyperons H. The values of x iH are chosen to reproduce the binding energy of the Λ at nuclear saturation as suggested in [16] , and given in Table II .
From the Lagrangian density in Eq. (1), we obtain the following meson field equations in the mean-field approximation
where σ = σ , ω 0 = ω 0 and ρ = ρ 0 are the nonvanishing expectation values of the mesons fields in uniform matter.
The Dirac equations for baryons and leptons are, respectively, given by 
where the effective baryon masses are given by
and ρ s b and ρ v b are the scalar number density and the vector number density, respectively. For charge-neutral, neutrino free, β-equilibrated matter, the following conditions are satisfied:
The energy spectra for charged baryons, neutral baryons and leptons (electrons and muons) are, respectively, given by
where ν = n + 1 2 − sgn(q) s 2 = 0, 1, 2, . . . enumerates the Landau levels (LL) of the fermions with electric charge q, the quantum number s is +1 for spin up and −1 for spin down cases.
For the charged baryons, we introduce the effective mass under the effect of a magnetic field
the expressions of the scalar and vector densities are, respectively, given by [6] 
For the neutral baryons, there is no LL quantum number ν, so the Fermi momenta is denoted by k b F,s , and the Fermi energy E b F is given by
The scalar and vector densities of the neutral baryon b are, respectively, given by
The vector density for leptons is given by
where k l F,ν,s is the lepton Fermi momenta, which is related to the Fermi energy
The summation in ν in the above expressions terminates at ν max , the largest value of ν for which the square of Fermi momenta of the particle is still positive and which corresponds to the closest integer from below defined by the ratio
The chemical potentials of baryons and leptons are defined as
We solve the coupled Eqs. (4)- (11) self-consistently at a given baryon density ρ = b ρ v b in the presence of strong magnetic fields. The energy density of neutron star matter is given by
where the energy densities of charged baryons ε c b , neutral baryons ε n b , and leptons ε l have, respectively, the following forms
The pressure of neutron star matter is given by
where the charge neutrality and β-equilibrium conditions are used to get the last equality. The total energy density and the total pressure of the system are given, by adding the corresponding contribution of the magnetic field,
III. QUARK MATTER EQUATIONS OF STATE
The MIT Bag model has been extensively used to describe quark matter. In its simplest form, the quarks are considered to be free inside a Bag and the thermodynamic properties are derived from the Fermi gas model. In the presence of a strong magnetic field Eqs. (28) are still valid with the energy density and pressure of quark stellar matter, and quark density, respectively, given by
where M (i) ν = m 2 i + 2ν|q i |B and ν runs over the allowed LL, g i denotes the degeneracy of the i-th species, i.e., six for the quarks and two for the leptons, m q the quarks masses and Bag represents the bag pressure.
We use m u = m d = 5.5MeV, m s = 150.0MeV and two values for the Bag (165MeV) 4 and (180MeV) 4 . In what follows, the baryon density ρ is defined as ρ = q ρ q /3.
In a star with quark matter we must impose both beta equilibrium and charge neutrality. For β-equilibrium matter we must add the contribution of the leptons as free Fermi gases (electrons and muons) to the energy density, pressure and entropy density. The relations between the chemical potentials of the different particles are given by
In terms of neutron and electric charge chemical potentials µ n and µ e , one has
For the charge neutrality we impose
IV. MIXED PHASE AND HYBRID STAR PROPERTIES
We study the hadron-quark phase transition which may occur in the core of massive neutron stars. We will use the Gibbs criteria and global charge conservation to describe the mixed phase of hadronic and quark matter [13] , which for two conserved charges, the electric charge and the baryonic charge, are given by
where the subscripts HP and QP denote, respectively, the hadronic and the quark phase. Imposing the condition of global conservation of the electric and baryonic charges, i.e, both hadronic and quark matter are allowed to be separately charged and have different baryonic densities. We impose
where χ is the volume fraction occupied by the quark phase and (1 − χ) the volume fraction occupied by the hadron phase, ρ i c (ρ i ) are the electric (baryonic) charge densities of quark and hadron phases and ρ l c is the lepton electric charge density. The total energy density in the mixed phase reads
The mixed phase is charactrized by a value of χ which varies between 0, at the onset of the mixed phase, and 1, at the onset of the quark matter. The baryonic densities ρ 1 and ρ 2 given in Tables III and IV , correspond, respectively, to χ = 0 and χ = 1 and define the onset of the mixed phase (ρ 1 ) and the onset of the quark phase (ρ 2 ). The mixed phase is determined by simultaneously imposing the Gibbs conditions (33), charge conservation conditions (34), chemical equilibrium conditions (10) , (11), (31) and (32), and the field equations (4-8).
However, we should point out that the Gibbs construction is an approximation that although taking correctly into account the existence of two charge conserving conditions does not take into account surface effects and the Coulomb field [17, 18] . A complete treatment of the mixed phase requires the knowledge of the surface tension between the two phases which is not well established and may have a value between 10-100 MeV/fm 2 [18] . The Gibbs construction gives results close to the ones obtained with the lower value of the above surface tension range, and is recovered for a zero surface tension. We could have also considered the Maxwell construction, for which only baryon number conservation is considered, i. e. the first condition of Eq. (33) is only satisfied for i = n. It has been shown in [18] that the Maxwell description of the mixed phase gives a good description if the surface tension is very large. Therefore, for comparison we will also determine the mixed phase using a Maxwell construction, see Tables V and VI. The EOS for the mixed phase are then constructed. Consequently, we can compute the properties of the neutron star. In the present study we consider very strong magnetic fields which have a contribution to the total pressure at least as large as the contribution coming from matter. This means that stars with non-spherical configurations should be considered [15, 19] . We will, however, consider spherical stars and use the Tolman-Oppenheimer-Volkoff (TOV) equations for the structure of a static, spherically symmetric star to obtain the mass-radius (M-R) relation of neutron star. With this approximation our results and, therefore, conclusions should be taken with care.
V. RESULTS AND DISCUSSION
In order to study the effect of strong magnetic fields on the structure of neutron star we use the GM1 parametrisation of the NLW model given in Table. II, [16] . Since, to date, there is no information available on the interior magnetic field of the star, we will assume that the magnetic field is baryon density-dependent as suggested by Ref. [14] . The variation of the magnetic field B with the baryons density ρ from the center to the surface of a star is parametrized [14, 20] by the following form
where ρ 0 is the saturation density, B surf is the magnetic field at the surface taken equal to 10 15 G in accordance with the values inferred from observations and B 0 represents the magnetic field for large densities. The parameters β and γ are chosen in such way that the field decreases fast or slow with the density from the centre to the surface. In this work, we will use two sets of values: a slowly varying field with β = 0.05 and γ = 2, and a fast varying one defined by β = 0.02 and γ = 3. We give the magnetic field in units of the critical field B c e = 4.414 × 10 13 G, so that B = B * B c e . We further take B * 0 as a free parameter to check the effect of different fields. In Fig.1 we plot the variation of the magnetic field, for the two parametrisations of the magnetic field as function of the baryonic density for several values of the parameter B * 0 in Eq. (36). For the slowly varying field the magnitude B * 0 is reached for densities ρ > 10ρ 0 , where ρ 0 is the saturation density, while for the fast changing field this value is reached for ρ > 5ρ 0 . On the other hand, for densities ρ < 3ρ 0 the slowly varying magnetic field is stronger. This fact will influence the stiffness of the equation of state (EOS): the EOS is stiffer a) at low densities if a slowly varying field is considered; b) at high densities if a fast varying field is chosen. We present the numerical results for the slowly and fast parametrisations of the density-dependent magnetic field and for two Bag constants (180MeV) contribution to the EOS is negligible. The effect of the AMM is non negligible for B * > 10 5 [6] but, as it will be shown later in this section at the centre of the stars described in the present work these values will never be reached. In Fig. 2 , we plot the EOS of neutron stellar matter, for the two parametrisations of the magnetic field, defined by Eqs. (28). For comparison we include in all figures the EOS for B = 0. The hadron phase is identified with a H (left part of the curves), the mixed phase is plotted with thick lines and identified with a M and the quark phase is identified with a Q (right part of the curves). We point out that these curves include both the contribution of stellar matter and the contribution of the magnetic field in the energy density and the pressure. In Fig. 3 we plot only the pressure term coming from the stellar matter contribution, Eq. (27) , as a function of the baryonic density for the largest B * 0 = 2 × 10 5 in order to clearly show the effect of the magnetic field on the stellar matter contribution to the total EOS. We also plot, seperatly, the contribution of the magnetic field (thin line), which allows us to identify at which density the magnetic field contribution becomes larger than the matter contribution. The vertical lines identify the central density of the maxinmum mass star for both parameters bag considered. Figs. 2 and 3 are completed with Tables III and IV , where for the two parametrisations of the magnetic fields and, respectively, for Bag 1/4 =180 MeV and Bag 1/4 =165 MeV, the mixed phase density boundaries and the corresponding total energy densities defined in Eq. (28) are given for several values of the magnetic field. The onset of the mixed phase occurs at density ρ 1 , and the pure quark phase begins at density ρ 2 . In Tables V and VI we give, for comparison, the same quantities obtained using the Maxwell construction. Independently of the magnetic field, the onset of the mixed phase and quark pure phase occurs at lower densities for the smaller value of bag pressure [21] , because the EOS is much stiffer for Bag 1/4 = 180 MeV than Bag 1/4 = 165 MeV. We now discuss the effect of the presence of a strong magnetic field with magnitude B * 0 = 5 × 10 4 , 10 5 , and 2 × 10 5 (∼ 10 18 − 10 19 G) on the equation of state (EOS). The main conclusions are: a) the presence of the field does not affect the baryonic density at the onset of the mixed phase because the intensity of the field is too low (B * < 2 × 10 4 ); b) the baryonic density at the onset of the pure quark matter decreases with the increase of the magnetic field, as seen in Fig. 3 and discussed in Ref. [14] . This is due to the fact that the EOS of quark matter under a strong magnetic field becomes softer. The softening of the quark EOS with the increase of the magnetic field has been obtained with The phase density boundaries, the onset of the mixed phase u1 = ρ1/ρ0 and the onset of the pure quark phase u2 = ρ2/ρ0, and the corresponding total energy densities, for several values of magnetic field using the two parametrisations defined in Eq. (36) (slow and fast). The bag constant is Bag 1/4 =180 MeV, and the nuclear matter saturation density ρ0 = 0.153 fm −3 for GM1 model. other quark models like the Nambu-Jona Lasinio (NJL) model [12, 22] ; c) due to the magnetic field contribution to the pressure and energy density, Eqs. (28) , the extension of the mixed phase in terms of the energy density increases, as can be seen from Tables III and IV and from Fig. 2 , mainly, shifting the onset of the quark phase to higher energy densities; d) the contribution of the magnetic field makes the total EOS harder. However, the slow and fast parametrisations have different effects. At low densities the soft parametrisation correponds to a stronger magnetic field and therefore gives rise to a harder EOS in that range of densities and favours the onset of the mixed phase at larger energy densities. In Tables III and IV ε 1 is larger for the slow paramerisation. On the other hand, for large densities the fast parametrisation corresponds to larger magnetic fields and a harder EOS. The onset of the quark phase occurs at larger energy densities, i.e. for a given B * 0 value, ε 2 is larger for the fast parametrisation; e) the transition to the mixed phase is less affected by the magnetic field than the transtion to a pure quark matter. This is due to the magnetic field parametrisation, (36), which gives a weaker magnetic field at the baryonic densities of the mixed phase onset. On the other hand, the transition to a pure quark phase is strongly affected because for the densities at which it occurs the magnetic field is stronger, more than 50% (75%) its maximum value for the slow (fast) varying magnetic field; f) for all values of the magnetic field considered, the extension of the mixed-phase is larger for the larger bag pressure due to the larger stiffness of the quark phase EOS. From Tables V and VI, for In Ref. [14] the magnetic field contribution was also taken into account in the EOS used to integrate the TOV equations, however this term enters with the wrong sign in the total pressure, it gives a negative contribution, and therefore, the EOS becomes very soft for strong magnetic fields and the formation of very massive stars is not allowed. The phase density boundaries obtained with Maxwell construction, the onset of the mixed phase u1 = ρ1/ρ0 and the onset of the pure quark phase u2 = ρ2/ρ0, and the corresponding total energy densities, for several values of magnetic field using the two parametrisations defined in Eq. (36) (slow and fast). The bag constant is Bag 1/4 =180 MeV, and the nuclear matter saturation density ρ0 = 0.153 fm −3 for GM1 model. As already discussed in Ref. [21] , the presence of strangeness in the core of a neutron stars will affect some of their properties. In Fig. 4 we show the strangeness fraction defined by :
with,
where ρ s is the strange quark density, and q b s is the strange charge of baryon b, listed in Table I . Only the strongest field considered affects considerably the strangeness fraction. At the onset of the pure quark phase, the strange quark fraction has reached 30% of the baryonic matter. Although the fraction of strangeness varies in the mixed-phase, it has almost the same value in the quark phase. For B * 0 = 2 × 10 5 , with both bag values and with the two parametrisations of the magnetic field used the effect of the Landau quantisation appears, and the strangeness fraction obtained is slightly oscillating around the B = 0 result. The strangeness content increases slightly faster at larger densities with the fast parametrisation. The presence of this strong magnetic field shifts to lower densities the onset of the 30% fraction of strange matter, corresponding to the onset of the quark phase. The thin vertical lines included in the Fig. 4 identifies the central baryonic density of the maximum mass star. For Bag 1/4 =180 MeV the strangeness fraction at given density is never larger than 15%, while for Bag 1/4 =165 MeV it can be as large as 30%. c , and B * c are, respectively, the gravitational and baryonic masses, the star radius, the central energy density, the central baryonic density, and the value of the magnetic field at the centre. We next study the effect of the magnetic field on the properties of the stars described by the EOS discussed above. We will consider that the stars have spherical symmetry. The maximum gravitational and baryonic masses of the Tables VII and VIII , respectively. We note that the central energy and baryonic densities are decreasing when the magnetic field increases, while the maximum masses and the corresponding radius increase with the magnetic field, contrary to the results of [14] where the magnetic field contribution has entered with the wrong sign in the total pressure expression, giving rise to very soft EOS for large fields. This behavior is due to the stiffening of the EOS with the magnetic field. In the cases under study the magnetic field at the center of the maximum mass configuration is never larger than 4 × 10 18 G a value close to the limit obtained from the virial theorem. The mass/radius curves for the families of stars corresponding to the maximum mass configurations given in Tables VII and VIII are plotted in Fig. 5 . The thick lines correspond to stars for which the central density lies within the mixed phase. For the largest bag pressure there is a quark core only for the no field configuration and the smallest field considered. For the smallest bag pressure only the strongest field considered gives rise to a no quark core configuration. It is interesting to notice the strong effect of the magnetic field parametrisation on the corresponding family star properties. For the stars that have no quark phase in their interior the central density is always smaller than ρ ∼ 2.5ρ 0 for which the slow and the fast varying parametrisations give the same magnetic field magnitude, see Fig. 1 . Below this density the slowly varying parametrisation gives rise to larger magnetic fields and therefore to a harder EOS. The corresponding stars have larger radius and larger masses due to the larger incompressibility modulus. This explains why the maximum radius of stars with more than 0.5 M ⊙ is larger for the slowly varying field. This difference can be as large as 1 km for the largest field considered.
However, the largest mass configuration is obtained for central magnetic fields larger for the fast varying field and therefore, the maximum mass is larger in this case, except for the largest central value of the magnetic field considered. For this value, the central density for the maximum mass configuration is ∼ 3 − 3.3 ρ 0 . From Fig. 1 it is clear that these densities are just above the critical density values for which both parametizations give the same magnetic field and, therefore, the star obtained with the slowly varying parametrisation has, for most of the densities a larger field. The size of the star is largely influenced by the lower density layers and therefore most of the maximum mass stars have a larger radius for the slowly varying field, which give rise to larger magnetic fields in the low density layers.
For a central magnetic field ∼ 3 × 10 18 G we get maximum mass configuration with a mass 2.2-2.3 M ⊙ . Slightly larger central fields predict even more massive stars with M > 2.7 M ⊙ . These values would be able to describe highly massive compact stars, such as the one associated to the millisecond pulsars PSR B1516 + 02B [23] , and the one in PSR J1748-2021B [24] in case they are confirmed. Otherwise an upper limit on the possible magnitude of the magnetic field at the center of a compact star may be obtained. The properties of the stars are strongly influenced by the magnitude of the magnetic field in their interior and the characteristics of the hadronic EOS become less important the larger the field is. It is also clear that a quark phase is not favoured if a strong magnetic field exists in the interior of the star. This conclusion is based on the Gibbs construction of the mixed phase. Within a Maxwell construction, the onset of pure quark matter occurs at smaller densities and, therefore, a small quark core could still exist for the smaller Bag constant.
We have also looked at the baryonic and leptonic composition of the stars. In Fig. 6 we plot the lepton, baryon and the quark abundances. We only show the particle fractions for the smallest and the largest magnetic fields considered in the present work. The vertical lines in the figures represent the central density of the configuration with maximum mass when it lies within the range of densities shown. Large magnetic fields prevent the appearance of a quark phase, enhance the leptonic fraction and reduce slightly the mixed phase baryonic density extention. For strong magnetic fields, stars are mainly hadronic even when we consider a soft quark EOS. We also conclude that the only effect of the slow/fast varying magnetic field is the appearance at low/high densities of a larger leptonic fraction. The contribution of hyperons is minimal or even zero.
VI. CONCLUSIONS
We have studied the influence of a static magnetic field on the deconfinement phase transition in the interior of a compact star. For the hadronic phase we took the GM1 parametrisation of the NLWM [16] and for the quark phase the MIT bag model with two different bag pressures, one corresponding to a soft and the other to a hard quark EOS. The mixed phase was built imposing the Gibbs conditions [13] . It was considered that the magnitude of the magnetic field increases with density from a surface field of the order of 10 15 G to a central field ∼ 5 × 10 18 G, and both a fast and a slow changing field were used.
It was shown that due to the weakness of the magnetic field at low densities, the onset of the mixed phase is not affected by the magnetic field. The baryonic density at the onset of the pure quark phase is only slightly reduced for the magnetic fields considered, but, due to the contribution of the magnetic field to the total pressure and total energy density, the EOS of stellar matter in the presence of a strong magnetic field becomes much harder and the mixed phases extends to larger energy density ranges. As a consequence, the family of stars corresponding to these EOS have configurations with larger masses and radius. It was shown that the density dependence of the magnetic field will influence the star properties, with a slowly increasing field giving rise to larger radius.
Due to the magnetic field pressure, the quark phase is not favoured, and stars with strong magnetic field are mainly hadronic with very small hyperon contributions. Stars with very high masses and radius are predicted and maximum masses of observed compact stars may set an upper limit of the largest possible magnetic field at the center of the star, ∼ 2 × 10 18 G for 2 M ⊙ stars. In the present work we have not taken into account the possibility of color superconductivity (CS) which was shown to be important to describe the groundstate of quark matter at high chemical potential and low temperature (for a review see [25] ). In particular, the effect of CS, in a color-flavor locked (CFL) phase, on the structure of hybrid stars was discussed in Ref. [26] . Moreover, it has already been studied the effect of strong magnetic fields on the CS properties which can be drastic, [27] . However, we point out that although a strong magnetic field may have important effects on the stellar quark matter EOS the contribution of the magnetic field energy to the total energy of the star will impose severe restrictions on the maximum field a star may support and on the baryonic density reached at the centre of the star, [15] . In the present work, we have shown that: for very strong magnetic fields the central core of the star will probably never be in a quark phase, but at most in a mixed phase.
Very strong magnetic fields can only occur in very young compact stars before the magnetic field has decayed [28]. We may therefore conclude that, not only neutrino trapping in the protoneutron star phase [29] , but also a very strong magnetic field in the interior of a compact star strongly precludes the formation of a quark phase. Quark matter thermal nucleation in hot and dense hadronic matter has been proposed by several authors [30] . In these studies, it was found that the prompt formation of a critical size drop of quark matter via thermal activation is possible above a temperature of about 2 − 3 MeV, and as a consequence, it was inferred that pure hadronic stars are converted to hybrid stars or quark stars within the first seconds after their birth. The presence of a strong magnetic field would make this scenario less probable.
